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Abstract: The time evolution in a supersymmetric extension
of the Kodomtsev-Petviashvilli hierarchy, a classical integrable
system, is shown to be Hamiltonian. The canonical bracket asso-
ciated to the Hamiltonian evolution is the classical analog of the
antibracket encountered in the quantization of gauge theories.
This provides a new understanding of supersymmetric Hamilto-
nian systems.
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Integrable models are an important class of dynamical system. The
Korteweg-de Vries (KdV) equation describing the motion of shallow water
waves, is one of an infinite hierarchy of nonlinear evolution equations which
are integrable[1, 2]. This hierarchy, which is completely characterized by a
second order differential operator, called a Lax operator; has an infinite num-
ber of conserved quantities in common. Furthermore the evolution equations
can be written in two independent canonical Hamiltonian form. Associated
with these are two Poisson brackets defining the so called bi-Hamiltonian
structure. The KdV hierarchy in turn is generalized by considering higher
order Lax operators. All these integrable hierarchies are succintly described
by the Kodomtsev-Petviashvilli (KP) hierarchy based on a first order pseudo-
differential Lax operator. Complete solution of the generalized KdV hierar-
chy may be obtained from that of the KP hierarchy by imposing suitable
restrictions (see Ref.[1] and references therein).
Integrable models can often be supersymmetrized. The supersymmetric
extension of the KP hierarchy was defined by Manin and Radul[3]. This
system has an infinite number of conserved Hamiltonians. In this letter we
show that the evolution with respect to bosonic time variables of the super
KP hierarchy has a Hamiltonian structure. (For an earlier attempt, see
Ref.[4].) The associated bracket, however, is not the usual Poisson bracket,
or more precisely its graded generalization to include fermions[5]. Rather it
is the classical analog of the antibracket proposed by Batalin and Vilkovisky
in their investigation of quantization of gauge theories[6].
An antibracket differs from a graded Poisson bracket in its symmetry
properties. It is symmetric between a pair of bosons, while for a pair of
fermions it is antisymmetric. We should recall here that a graded Poisson
bracket is (anti-)symmetric between a pair of fermions (bosons respectively).
This difference is due to the fact that the antibracket itself is fermionic.
The Batalin-Vilkovisky approach to gauge theories has greatly advanced
our conceptual understanding of them. (For more details and an extensive set
of references, see Ref.[5].) Now their appearance in the canonical Hamiltonian
equations of a classical integrable system allows us to generalize the notion of
Hamiltonian structure. Although in the following, we will focus only on the
super KP hierarchy, this feature will occur in other supersymmetric systems,
for example all integrable models obtained from an odd reduction of the
super KP hierarchy.
Let x be a real variable and θ its supersymmetric partner. We will collec-
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tively denote them by z = (x, θ). The superderivative operator D = ∂
∂θ
+θ ∂
∂x
satisfies the property D2 = ∂/∂x. The supersymmetric extension of the KP
hierarchy defined by Manin and Radul[3] starts with the super-Lax operator
L = D +
∞∑
i=0
u−iD
−i, (1)
where, D−1 = θ+∂−1x
∂
∂θ
is the formal inverse of D, that is, D−1D = DD−1 =
1. The Lax equations
∂L
∂t2n
= [(L2n)−, L] = [L, (L
2n)+], n = 1, 2, · · · , (2)
define an infinite number of non-linear evolution equations, with respect to
the (bosonic) ‘time’ t2n, (n = 1, 2, · · ·), for the superfields u−i, i = 0, 1, · · ·,
by comparing the coefficients of D−i. The evolution equations are consistent
if and only if the constraint (Du0)+2u−1 = 0 is satisfied[3]. Time t2 is easily
identified to −x from the observation that (L2)+ = D
2 = ∂/∂x. The super
KP equation, after setting the fermionic variables to zero, reduces to the
original KP equation[3] describing non-linear plasma waves. The equations
of the KP hierarchy are well known to admit soliton solutions[1].
The Lax operator L is Grassmann odd. One can therefore introduce a
Grassmann parity for the fields u−i as |u−i| = i + 1 mod 2. Therefore u−i
with odd (even) superscript are bosonic (fermionic) superfields respectively.
The hierarchy admits an infinite number of conserved quantities (Hamil-
tonians) defined by
Hn =
∫
d2zHn =
1
n
∫
d2z ResLn, n = 1, 2, · · · , (3)
where, ResLn denotes the coefficient A−1 of the D
−1 term in the expansion of
Ln =
∑n
−∞AiD
i. For even integers n = 2m, L2m = 1
2
[L, L2m−1] however, is
an anticommutator for which Res is a total derivative[3] implying that H2m
vanish for all m ≥ 1. We therefore obtain non-trivial Hamiltonians H2m+1,
m ≥ 0, for n = 2m+ 1. Whenever applicable, we will impose the constraint
(Du0) + 2u−1 = 0, to simplify the expressions.
The equation of motion for the field ui, following from the Lax equation
(2) in its second form, can be written as a sum of differential operators acting
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on the coefficients of (L2n)+. Using equation (3), it is easy to express these
coefficients in terms of the Hamiltonians:
L2n ≡
2n∑
j=−∞
Djpj
pj = (−1)
j δH2n+1
δu−j−1
, j = −1, 0, 1, · · · , 2n. (4)
In the above, the variational derivatives are defined by[3]
δH2n+1
δu−j
=
∞∑
k=0
(−1)(j+1)k+
1
2
k(k+1)

Dk ∂H2n+1
∂u
[k]
−j

 , (5)
where u[k] = (Dku). Notice that we can only determine the coefficients pj for
j = −1, 0, · · · , 2n this way. Fortunately, the Lax equation (2) involves only
these.
The evolution of the fields u−i can now be written in the Hamiltonian
form
∂u−i
∂t2n
(z) =
∞∑
j=1
∫
d2z′(−1)i+1{u−i(z), u−j(z
′)}
δH2n+1
δu−j
(z′), (6)
where we have denoted the differential operator by (−1)i+1{u−i, u−j}, in
anticipation of the fact that it leads to a canonical bracket.
The equation (6) does not involve the field u0. We can, however, add and
subtract the j = 0 term there and rewrite as
∂u−i
∂t2n
(z) = {u−i(z), H2n+1}+ (−)
i
∫
d2z′ {u−i(z), u0(z
′)}ResL2n(z′). (7)
Here we have substituted the explicit form of δH2n+1/δu0 = −p−1 = ResL
2n
from Eq.(4).
Comparing the Grassmann parity of both sides of the Eq.(6), we see that
the bracket {f, g} is fermionic:
|{f, g}| = |f |+ |g|+ 1. (8)
Therefore the canonical bracket above cannot be a Poisson bracket. In fact,
Eq.(8) is the first property of an antibracket.
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It is simple to calculate the canonical bracket between two fields, following
the standard procedure of Gelfand and Dikii[1]. The result is
{u−i(z), u−j(z
′)} = (−1)j+1
∞∑
k=0
(−1)k(i+j+1)+
1
2
k(k+1) ×
([
k−j
k
]
Dkzuk−i−j+1(z)− (−)
(i+1)(j+1)
[
k−i
k
]
Dkz′uk−i−j+1(z
′)
)
∆(z − z′) (9)
where, ∆(z − z′) = (θ − θ′) δ(x − x′) is the delta function, and the super-
binomial coefficients
[
n
m
]
have been defined in Ref.[3].
It is now straightforward to verify that the bracket above satisfies the
following symmetry property
{f, g} = −(−1)(|f |+1)(|g|+1) {g, f}. (10)
In contrast to the Poisson bracket, the one above is (anti-)symmetric between
is pair of bosons (fermions). Between a boson and a fermion, however, it is
antisymmetric.
Finally, one can also check that the Jacobi identity
(−1)(|f |+1)(|h|+1){f, {g, h}}+ cyclic = 0 (11)
holds. Eqs.(8,10) and (11) are all the properties that a Batalin-Vilkovisky
antibracket satisfies[6, 5]. The canonical bracket derived from Eq.(6) is there-
fore an antibracket.
In summary, we have shown that the evolution equations of the fields in
the super KP hierarchy defined by Manin and Radul, can be expressed in a
canonical Hamiltonian form. The canonical bracket associated to these non-
linear equations of motion are the classical analog of the Batalin-Vilkovisky
antibrackets. This is unlike the Hamiltonian systems known so far, where
(a graded generalization of) a Poisson bracket appears in the equation of
motion.
An antibracket is known to define a Grassmann odd symplectic struc-
ture in a phase space involving anticommuting variables[7]. The canonical
equations we have derived therefore also have a natural geometrical inter-
pretation. This generalizes the notion of classical Hamiltonian formalism for
systems involving anticommuting fields.
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